Abstract. We investigate the renormalization structure of the scalar Galileon model in flat spacetime by calculating the one-loop divergences in a closed geometric form. The geometric formulation is based on the definition of an effective Galileon metric and allows to apply known heat-kernel techniques. The result for the one-loop divergences is compactly expressed in terms of curvature invariants of the effective Galileon metric and corresponds to a resummation of the divergent one-loop contributions of all n-point functions. The divergent part of the one-loop effective action therefore serves as generating functional for arbitrary n-point counterterms. We discuss our result within the Galileon effective field theory and give a brief outlook on extensions to more general Galileon models in curved spacetime.
Contents 1 Introduction
Many alternative theories of gravity invoke new dynamical degrees of freedom. In the geometrical framework these fields manifest themselves either through torsion or non-metricity, whereas in the field theoretical framework they appear as additional scalar, vector and tensor fields [1, 2] . Generalized vector field models in cosmology have been investigated in [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . The renormalization structure of the generalized Proca theory in curved spacetime has been discussed in [12] [13] [14] [15] [16] [17] [18] . The simplest models with an additional propagating degree of freedom, are scalar-tensor theories and geometric modifications such as f (R) gravity, see e.g. [19] [20] [21] [22] . The renormalization structure of these models on a general curved background in the one-loop approximation has been discussed in [23] [24] [25] [26] [27] [28] [29] [30] .
A special class of effective field theories, the Galileon model, arises in the decoupling limit of the prominent theories of DGP [31] , massive gravity [32] and generalized Proca [7] [8] [9] . The inception of the non-linear interactions of the helicity-0 mode in the decoupling limit of the DGP model has motivated the construction of more general Galilean invariant interactions [33, 34] . In the higher dimensional brane-world scenario the invariance under internal Galilean and shift transformations is just a reminiscent of the five dimensional Poincaré invariance. Independent of the specific embedding, from a four dimensional effective field theory perspective, one can attempt to build the most general Lagrangian for the Galileon scalar field, which gives rise to second-order equations of motion and is invariant under the Galilean transformation. The absence of higher order equations of motion ensures the absence of propagating ghost degrees of freedom. In four dimensional spacetime the construction allows only five non-trivial tree-level operators of the Galileon scalar field, which undergo a relative tuning among themselves in order to guarantee the second-order nature of the equations of motion. For the validity of the effective field theory, a detuning of the relative coefficients should not happen below the cutoff scale of the theory. While this is not the case for the scalar Galileon in flat spacetime, it becomes relevant in the generalization to curved space.
Various aspects of the scalar Galileon at the quantum level have been studied previously in [7, 27, [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] . The derivation of counterterms in the MS scheme only requires the calculation of the ultraviolet divergent (UV) part for which there are very efficient specialized methods. In [37] , the one-loop effective action in position space was expanded up to quadratic powers of the Galileon field and the calculation reduced to a sum of universal functional traces introduced in the context of the generalized Schwinger-DeWitt formalism in [45] . The authors of [37] also performed a complementary calculation by traditional Feynman diagrammatic methods, see e.g. [46] for a review on these Feyanman diagrammatic methods. In, [41] the divergent part of the on-shell one-loop 4-point amplitude (which includes the on-shell contributions to the divergent 1PI one-loop diagrams) has been calculated by modern on-shell methods, which are in particular efficient for a high number of external legs, see e.g. [47, 48] for intorductionary reviews on these techniques. These results were generalized in [44] . Based on the implementation of the recently proposed combinatoric algorithm, specifically designed for the extraction of the UV divergent contributions of Feynman integrals for higher derivative theories [49] , the UV divergent contributions to the Galileon off-shell one-loop n-point correlation functions have been calculated in [44] up to n = 5.
In this paper we generalize these results to arbitrary n-point functions by a geometrical formulation. Beside diagrammatic momentum space methods, which are mainly used in the context of particle physics related calculations in flat spacetime, a very efficient approach to extract the one-loop divergences in curved spacetime is based on the combination of the background field method and the heat-kernel technique [45, [50] [51] [52] [53] [54] [55] [56] . The main strengths of this approach are its manifest covariance and its universality. Moreover, for quantum field theories with minimal second-order fluctuation operator, the Schwinger-deWitt technique provides a closed algorithm for the calculation of the divergent part of the one-loop effective action [45, 57] . In the geometric reformulation of this paper, we define an effective Galileon metric constructed from derivatives of the scalar Galileon field. This effective metric, and the associated metric compatible connection define a generalized Laplacian in terms of which the Galileon fluctuation operator can be written as a minimal second-order operator. For this operator, the Schwinger-DeWitt method is directly applicable and the divergent part of the one-loop effective action is obtained in terms of geometrical invariants constructed from the effective Galileon metric and corresponds to a resummation of the divergent contributions of all n-point correlation functions. The divergent part of the one-loop effective action therefore serves as generating functional from which arbitrary n-point one-loop counterterms can be derived by successive functional differentiation.
The article is structured as follows: In Sec. 2 we introduce the scalar Galileon model. In Sec. 3 we derive the effective Galielon metric and its associated generalized Laplacian. We express the fluctuation operator of the Galileon action as a covariant minimal second-order operator and make use of the Schwinger-DeWitt technique to calculate the divergent part of the one-loop effective action in terms of geometric invariants constructed from the effective Galileon metric. In Sec. 4 we discuss the role of the geometrically defined one-loop effective action as generating functional for arbitrary n-point counterterms. In Sec. 5, we discuss how the geometrically defined effective action can be understood as a resummation of all one-loop n-point divergences in the context of the Galileon effective field theory. We conclude in Sec. 6 and give a brief outlook on possible generalization in curved spacetime.
Technical details are collected in several appendices. In App. A, we provide the expansion of the one-loop effective action up to fourth order in the perturbation of the inverse effective Galileon metric. Based on the results derived in App. A, we derive the expansion of the one-loop effective action up to fourth order in the Galileon field in App. B. In App. C we perform several crosschecks with results previously obtained in the literature.
Galileon Model
The action functional for the Galileon scalar field π(
2)
3)
The second derivatives are defined as the symmetric tensor
The Galileon field and the partial derivatives have mass dimension [π] = [∂ µ ] = 1 (in natural units) and the operators (2.3)-(2.6) are expressed in units of the mass scale M such that the coupling constants c i are dimensionless numbers. Since the Galileon action only involves derivative interactions, it is obviously invariant under shift symmetries π → π + c with a constant c. Modulo total derivatives, (2.1) is even invariant under the larger class of Galilei transformations with a constant vector v µ ,
This invariance is responsible for the particular structure of the Galielon interactions (2.3)-(2.6) and ensures that, despite the presence of higher derivative terms, the field equations are of second-order and no ghost-like excitations appear in the spectrum.
One-loop effective action
We split the Galileon field into background plus perturbation
The one-loop contribution to the Euclidean effective action is given by
The scalar second-order fluctuation operator F (∂) is defined by the Hessian
Within the one-loop approximation (3.2), the mean field π might be identified with the background fieldπ. In what follows we omit the bar indicating a background quantity. As indicated by the superscript, the derivatives ∂ x in (3.3) act on the first argument x of the delta function. The symmetric tensor G −1 µν is defined in terms of the Galileon field by
The structure of the operator (3.3) naturally suggests to identify G −1 µν with the inverse of an "effective Galileon metric" G µν , defined in terms of (3.4) via
The Galileon metric G µν is assumed to be positive definite to ensure its non-degeneracy 2
While G µν is not compatible with ∂ µ , the particular structure of (3.4) leads to the important property that G −1 µν is divergence-free
The effective Galileon metric (3.4) defines the required geometric structure for an application of the covariant heat-kernel techniques for the fluctuation operator (3.3).
Covariant reformulation in terms of a minimal second-order operator
We define ∇ G µ to be the torsion-free covariant derivative compatible with G µν ,
for some scalar field φ(x). Clearly the connection
From now on, we lower and raise indices exclusively with G µν and G −1 µν , respectively. We define the positive definite covariant Laplacian as
When the Laplacian ∆ G acts on scalars, it is related to the fluctuation operator (3.3) by
In addition, we define the "bundle connection" acting on scalars
Combining (3.11) with (3.12), the operator (3.10) can be expressed in the covariant form
In terms of D µ := ∇ G µ + G µν Σ ν , the operator (3.13) acquires the minimal second-order form
14)
The terms resulting from the redefinition ∇ G → D are absorbed in the potential part P ,
The bundle curvature R µν vanishes due to the antisymmetry and the scalar nature of π,
Final result of the one-loop divergences in a closed form
For the minimal second-order operator (3.14), the Schwinger-DeWitt algorithm is directly applicable and the one-loop divergences are expressed in a closed form in terms of the quadratic curvature invariants of the effective Galileon metric G µν and the potential P ,
In (3.17) we have absorbed the pole in dimension 1/ε with the factor 1/(4π) 2 in the definition
The Euler characteristic χ(M) of the manifold M in d = 4 dimensions is a topological term, independent of the metric G µν , and defined in terms of the Gauss-Bonnet invariant G,
The one-loop divergences (3.17) for the scalar Galileon (2.1) expressed in terms of curvature invariants of the effective Galileon metric (3.4) constitutes our main result. It corresponds to a particular resummation of all n-point off-shell one-loop divergences and expressed in terms of curvature invariants of the effective Galileon metric. This generalized previous results, obtained for the divergent part of the off-shell 2-point function [37] , the on-shell 4-point function [41] and the off-shell n-point functions for n = 1, . . . , 5 [44] . As discussed in more detail in Sec. 4, the results for a given n-point function can be recovered from the geometrically defined one-loop effective action by n-fold functional differentiation. Hence, (3.17) serves as generating functional for all one-loop counterterms. Several non-trivial checks of (3.17) are provided in App. C by comparing the results for n-point functions, obtained from a systematic expansion of the generating functional (3.17), with the results obtained by direct Feynman diagrammatic calculations [37, 41, 44] .
Generating functional of one-loop n-point counterterms
The result for the divergent part of the one-loop effective action (3.17) serves as generating functional for the one-loop counterterms of arbitrary high n-point correlation functions
We first expand (3.17) up to the nth power of the perturbations of the inverse metric 3
The inverse "background metric" Ḡ −1 µν is defined by (3.4) for vanishing mean field π = 0,
The one-loop divergences (3.17) expanded up to O (ξ n ) are given by the series
where Γ div 1,k is the k-th variation of (3.17) with respect to
The k-th perturbation H µν k is expressed in terms of the linear perturbations δπ by (3.4),
The perturbations H µν k inherit the important property (3.7) of G −1 µν ,
Since the divergent part of the one-loop effective action (3.17) is quadratic in curvatures, the zeroth and first order of the expansion Γ div 1,0 and Γ div 1,1 vanish for π = 0 (corresponding to a flat Galileon background metric). For the same reason, only perturbations up to H 
Renormalization and Galileon effective field theory
The Galileon theory (2.1) is perturbatively non-renormalizable and hence has to be considered as effective field theory. It is clear that the shift symmetry π → π + c prevents any monomial interactions π n /M n−4 from being radiatively generated -only derivative interactions ∂ n π m /M n+m−4 are generated. In particular, already the first loop corrections only induce operators with at least second derivatives per field. These terms automatically satisfy the Galileon symmetry (2.8). Moreover, since these operators carry higher derivatives per field than the tree-level operators in the defining Galileon action (2.1), it is clear that the operators in (2.3)-(2.6) are not being renormalized. Nevertheless, the consistent renormalization of the Galileon effective field theory requires to take these higher derivative operators into account in a systematic way. Compared to the standard effective field theory expansion, the Galileon effective field theory is organized in an unusual way. Neither the naive expansion in powers of the mass scale M , nor the expansion in powers of derivatives ∂, nor the expansion in powers of the field π provide a correct expansion scheme according to which higher derivative operators are ordered in the Galileon effective field theory. Already the tree-level operators, which define the low-energy limit and hence the propagating degrees of freedom are suppressed by powers of M . Therefore, the low-energy limit is defined by those operators with the least number of derivatives which are invariant under the defining Galileon symmetry (2.8).
As noted in [39, 40] , the general structure of the divergent part of the one-loop effective action in d = 4 has the schematic form (suppressing the index structure)
In dimensional regularization only the last term in (5.1) survives. As discussed in [44] , by inspection of (5.1), it is clear that there are two parameters which control the hierarchy among different operators in the Galileon effective field theory expansion
The dimensionless parameter σ ∂ 2 π , which grows with the number of fields, might be viewed as a measure of the non-linearity. In terms of this classification scheme, the one-loop result (3.17), expressed in terms of geometrical invariants of the effective Galileon metric (3.4), corresponds to a particular geometric resummation of all operators with an arbitrary number of fields, but a fixed number of derivatives per fields. Although different in nature, the geometric resummation discussed here in the context of the Galileon theory shares some similarities to the situation in General Relativity in the following sense: There, starting with the linear second-order equation of a spin-2 particle propagating on flat spacetime, consistency requires to iteratively introduce non-linear interaction terms, which, when properly resummed result in the fully non-linear theory of General Relativity [58] . At the level of the action, the non-linearities have to resum into curvature invariants with second-order derivatives. Since the only scalar curvature invariant with second-order derivatives is the Ricci scalar, such a geometric resummation recovers the Einstein-Hilbert action up to a cosmological constant term. All higher dimensional operators in an effective field theory expansion of General Relativity must respect the symmetry of the defining low-energy Einstein-Hilbert action, and therefore must have the form of (covariant derivatives of) local curvature invariants. In particular, since General Relativity is perturbatively non-renormalizable, this also implies that the counter terms required to cancel the ultraviolet divergences do as well respect this symmetry and have the structure of local curvature invariants, see e.g. [59] [60] [61] . Despite the formal similarity of the geometric resummation of non-linear interaction terms, the geometric resummation of the one-loop divergences in the Galileon had a different origin and rather resulted from the particular structure of the Galileon fluctuation which suggested a covariant reformulation in terms of the effective Galileon metric.
Instead of a resummation of operators with arbitrary powers of σ ∂ 2 π and fixed order of σ ∂ , the opposite resummation with a fixed number of fields but an arbitrary number of derivatives might also be possible. As e.g. for the covariant perturbation theory discussed in [62, 63] , the resummation with a fixed number of curvatures but an infinite number of derivatives gives access to the non-local terms of the effective action, which, for a fixed order in the curvature expansion, can be represented in terms of non-local form factors. It would be interesting to study such a resummation in the context of the Galileon theory.
Conclusions
We have calculated the one-loop divergences for the scalar Galileon in flat spacetime. We obtained the result in a closed form in terms of curvature invariants of an effective Galileon metric, which appears naturally in the fluctuation operator of the Galileon. The effective Galileon metric defines a metric compatible connection and a covariant Laplacian in terms of which the Galileon fluctuation operator can be written as second-order minimal operator. For such types of operators the Schwinger-DeWitt algorithm, which is based on a combination of the background field method with heat-kernel techniques, provides a closed algorithm for the calculation of the one-loop divergences. Consequently, the result for the one-loop divergences is expressed in terms of quadratic curvature invariants of the effective Galileon metric. The divergent part of the geometrically defined one-loop effective action serves as generating functional for the divergent part of all n-point correlation functions and corresponds to a resummation of the divergent contributions of all n-point functions. Therefore, our result (3.17) generalizes previous calculations [37, 41, 44] for the few lowest n-point functions to arbitrary n-point functions.
We have demonstrated explicitly that for a given n, the divergent part of the n-point correlation function can be obtained from the divergent part of the geometrically defined one-loop effective action by n-fold functional differentiation. We performed this expansion up to n = 4 and compared the resulting expressions with results obtained by Feynman diagrammatic momentum space methods [37, 41, 44] . We found perfect agreement. This provides an independent check of our result as well as of the method based on the geometrical reformulation.
We also discussed the geometrical resummation in the Galileon effective field theory framework. It would be interesting to extend the Galileon effective field theory to curved spacetime [34] . In particular, it would be interesting to classify the possible structure of the counterterms, which, in view of the geometric resummation (3.17) obtained in flat spacetime, would suggest that the one-loop divergences should be expressible in terms of scalar contractions among (derivatives of) curvatures of the spacetime metric g µν and the effective Galileon metric G µν . 
A Expansion: Inverse metric perturbations
In this appendix, we collect the first four non-vanishing orders of the expansion (4.4) in terms of (4.2) around the background Galileon metric (4.3). These results in terms of the H µν k are further used for the subsequent expansion in terms of the Galileon fields π, performed in App. B. Note that integration by parts rules would allow to simplify the results provided in this Appendix already at the level of the H µν k . However, as explained in App. C, since the main purpose of this expansion is to obtain a non-trivial crosscheck with a previously derived on-shell result in momentum space, the implementation of integration by parts identities is much simpler realized in momentum space. The results for the three point and four point function have been obtained with the tensor-algebra bundle xAct [64] [65] [66] .
A.1 Two-point function
A.2 Three-point function
A.3 Four-point function
The derivatives in (A.1)-(A.3) are understood to act only upon the object to which they are attached to -not on the total expression to their right. Indices are raised and lowered with G µν and the contracted derivatives are defined as∂ 2 := Ḡ −1 µν ∂ µ ∂ ν . While we have made use of (4.7) in (A.1)-(A.3).
B Galileon counterterms up to four-point function
Using the results (A.1)-(A.3) for the expansion of (3.17) and inserting (4.3) as well as (4.8)-(4.10), we express the expansion (4.4) up to fourth order in terms of the the Euclidean metric δ µν and the perturbation of the Galileon field δπ. The results for the three point and four point function have been obtained with the tensor-algebra bundle xAct [64] [65] [66] .
B.1 Two-point function
In order to arrive at the final form (B.2), we used the integration by parts reduction rules
(B.10) This expression coincides with the result obtained in [41, 44] and therefore provides a strong check of the general result (3.17) and the expansion (4.4).
